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Introduction 

With the growing demand for miniaturized and integrated optical systems, traditional solid-

state lasers are being increasingly replaced by microlasers. These compact devices offer superior 

monochromaticity, higher beam quality, lower noise, and seamless integration with micro- and 

nanoelectronics systems, unlocking new perspectives in technologies [1–3]. A significant category 

of microlasers includes the VCSEL (Vertical-Cavity Surface-Emitting Laser) and photonic crystal 

surface-emitting laser (PCSEL) [4]. VCSEL and PCSEL emit visible or infrared light perpendicu-

larly to the surface of the fabricated wafer. They are commonly used in data communication and 

sensing applications and are becoming increasingly popular in light detection and ranging (LiDAR) 

applications due to their energy efficiency and high precision [5–7].   

Rare-earth (RE) ions-activated micro- and nanomaterials have emerged as promising candi-

dates for next-generation microlasers, offering advantages such as cost-effective fabrication, high 

environmental stability, and broad spectral coverage from ultraviolet to mid-infrared [8]. Their high 

photoluminescence quantum yield (PLQY) and low surface defect density enhance their optical per-

formance. Recent advancements in RE ions-activated luminescent materials, coupled with the de-

velopment of novel micro- and nanocavities for optical feedback, have significantly improved laser 

efficiency and stability [9–11]. These innovations have driven substantial progress in the field, pav-

ing the way for highly efficient, miniaturized laser sources with applications in optical communica-

tion, sensing, and integrated photonics [6, 10, 12]. The rare-earth doped yttrium aluminum garnet 

(YAG) crystal is one of most popular, and reliable lasing gain material in conventional solid-state 

bulk lasers. By doping YAG with different rare-earth elements, it enables laser emission over a 

broad wavelength range. For example, the Nd:YAG crystal, featuring a four-level laser system,  

offers an exceptionally low lasing threshold, making it ideal for on-chip applications, nonlinear op-

tics, and biosensing [12]. It has been widely explored as a waveguide-based on-chip light source. 

Layered microlasers are an emerging class of compact laser devices that use multiple stacked 

layers of optical and gain materials to enhance performance and tunability. By carefully designing 

these layers, researchers achieve improved photon confinement, lower lasing thresholds, and broad-

er spectral control, making them highly efficient and versatile. Common structures include distrib-

uted Bragg reflectors (DBRs), dielectric-metal-dielectric (DMD) stacks, and heterostructures incor-

porating quantum wells or 2D materials. These microlasers are also promising for applications  

in on-chip photonics, optical communication, LiDAR, and biosensing, as they can be seamlessly in-

tegrated into micro- and nanoscale systems [13, 14]. Recent advancements, such as perovskite-

based microlasers, rare-earth-doped structures, and graphene-enhanced designs, have further ex-

panded their potential by enabling tunable, high-quality lasing across ultraviolet to infrared wave-

lengths. Their small size, low power consumption, and compatibility with silicon-based platforms 

position layered microlasers as key components in next-generation photonic and optoelectronic 

technologies [8].   

In microlaser structures, silver is commonly employed due to its superior plasmonic properties, 

which enhance light confinement and amplification at the nanoscale. For instance, integrating silver 

nanorings with silica microcavities has been shown to achieve high-quality hybrid plasmonic 

modes, facilitating efficient lasing in compact designs [15]. The pure silver has the highest reflectiv-

ity of all noble metals, particularly in the visible and near-infrared regions [16]. Additionally, the 

use of atomically smooth epitaxial silver films in plasmonic nanocavities has demonstrated reduced 

optical losses, leading to improved performance in nanolaser applications [17]. The noble metal, in-

cluding silver, cavities are widely investigated and have some drawbacks as sizable ohmic losses. 
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Alternative reflector could be dielectric DBR, consist of high and low refractive indices layers. 

Their high reflectivity helps reduce radiation losses, thereby lowering the lasing threshold. These 

structures are commonly fabricated using the reliable method of metal-organic chemical vapor dep-

osition (CVD), which enables precise control of both layers' composition and thickness. DBRs offer 

a compact and flexible design, allowing for tailored reflectivity and wavelength properties to suit 

specific applications [13]. In general, modern microlaser designs use distributed Bragg reflectors 

and noble metal cavity components to improve their efficiency and overall performance. 

Understanding the lasing threshold conditions is crucial in laser design and development. Since 

laser emission is influenced by multiple physical mechanisms, full modeling presents a complex 

theoretical challenge. By neglecting all non-electromagnetic effects and focusing on electromagnet-

ic fields, we can simplify the analysis and use a source-free linear Maxwell's equations, along with 

boundary conditions at edges and the radiation condition at infinity. The key aspect is considering 

the presence of the active region. This method, known as the Lasing Eigenvalue Problem (LEP), is 

described in detail in [18, 19]. This approach allows examination of specific modes’ threshold val-

ues of the gain index along with its emission frequencies. These two parameters are treated as or-

dered, mode-specific two-component eigenvalues, which include the wavelength and the threshold 

gain index. Over the past two decades, the LEP has been applied to various material and shape mi-

cro- and nanolaser models to analyze their threshold conditions [20–23]. Recently, we have used 

such approach to investigate the host gain materials and their thickness impact in the laser 

microcavity [24] and the noble metal-walled cavity microlaser configuration [25]. 

In this paper, we use the LEP approach to analyze the thresholds conditions for the modes of 

the active cavity, sandwiched between a finite-thickness silver film and substrate made of full die-

lectric DBR. 

1-D lasing eigenvalue problem formulation and basic equations 

Laser modes on the stationary emission threshold, in the LEP approach, can be considered as 

open cavity’s natural modes with natural frequencies, which are real-valued. As is known from 

Poynting theorem, purely real natural frequencies are forbidden in passive open cavities, however, 

the presence of active regions permits such frequencies. Then, we seek these laser modes as solu-

tions of the source-free, time-harmonic Maxwell equations defined over an infinite spatial domain, 

subject to appropriate boundary and radiation conditions. 

Fig. 1 illustrates the one-dimensional microlaser configuration under consideration, comprising 

an active layer filled with gain material, a silver superstrate film, and a substrate DBR composed of 

alternating dielectric layer. The time dependence is presented as 
i te 

, where 0  , positive cyclic 

frequency. Then, we assume that the gain material has a complex relative dielectric permittivity 

' "c i     featuring a negative imaginary part, which is responsible for gain effect in this consid-

eration. The silver film dielectric permittivity is denoted as ( )f   while all materials are considered 

nonmagnetic. In laser science, the gain material is traditionally characterize1d020. equivalently by 

its refractive index 
c c i      . Here, the cavity is supposed uniformly active, so that 

Re 0c    is the known chosen material refractive index, and Im 0    , is unknown 

threshold gain index value. The silver film refractive index ( )f f   has positive imaginary part 

responsible for the ohmic losses. We obtain these values from the experimental data presented in 

[26], using the Akima spline interpolation method for smooth estimation. It is well established that 

the bulk refractive index can be applied when the size of the metal particles or the film thickness, in 

our case, exceeds the electron path without collision in the metal, which is approximately 3 nm. 

For modelling, we assume a frequency-independent gain index for wider versatility. 
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Fig. 1. Schematic laser model composed of a fully active region, covered by a finite-thickness silver film  

and supported by a finite distributed Bragg reflector (DBR) 

 

The field function off the layer’s boundaries must satisfy the Helmholtz equation as presented 

in (1). There, as E-field does not vary along x and z-axes, we have to look for a scalar function E(y), 

which represents the 
zE  field component. 

 2

1( ) 0, ,D D Dk E y y y y                                                (1) 

where D = 1, … Q + 1 is the domain number counted from the air halfspace above the silver film 

and Dy  is the boundary coordinate, so that Q = 4+2N for the cavity with DBR, N is the number of 

layer pairs. Besides, 1 /k k c   is the free space wavenumber,
2 3,f f ck k k k k k      in 

the cavities. For DBR, the wavenumber values kn, where n ≥ 4, alternate between the higher and 

lower reflective index layers. In this paper, the adjacent to the cavity layer of DBR has higher re-

fractive index, therefore, 4 2 5 2, , 1,..., 1n H H n L Lk k k k k k n N        , and the DBR opens to 

the free halfspace, i.e. 2 4Nk k  . 

The electromagnetic field tangential components must remain continuous across the interfaces 

of material.  

    
(D) (D 1)( ) ( )

Dy y
E y E y


 ,     (D) (D 1)

1

1 1
( ) ( ) 0

D
D D y y

E y E y
y  



 

 
  

  
   ,           (2) 

where y1 = wc + wf, y2 = wc, y3 = 0, and additional boundaries, yn with n = 4, …, 3+2N, correspond 

to the interfaces between the DBR layers, and y4+2N = - (wL + wH)N. Additionally, the field function 

must exhibit outgoing wave behaviour in accordance with the radiation condition, as follows 

| |( ) ,ik yE y C e y                                                            (3) 

To analyse the threshold conditions using the LEP, we seek the eigenvalues of equations  

(1) – (3) as pairs of real numbers ( , )m m  : the first representing the emission wavelengths, and the 

second corresponding to the gain index threshold values of laser modes.  

By substituting the relevant electric field expressions into the boundary conditions at the inter-

faces and performing some algebraic manipulations, the LEP simplifies to the following transcen-

dental equation: 
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where  

  
1

,jp j p j pR j p   


     ,                                            (5) 

are the reflection coefficients from the interfaces between the corresponding domains.  

For deriving the reflection coefficient of DBR, DBRR , we apply the Transfer Matrix Method 

(TMM). As detailed in [19], the corresponding transfer matrix, M , for L-layer dielectric structure 

can be obtained as a product of transmittance matrices between the neighbouring layers, 

1( / )i i Τ , and propagation matrices in each layer ( )i ikdΡ , namely 

1
11 12 11

121 22

( ) ( )
L

i air
i i L L

ic i L

m m
kd kd

m m
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Afterward, the reflection and transmission coefficients of DBR as follows 

21

11 11

1
,DBR DBR

m
R T

m m
                                                       (7) 

Therefore, we seek the LEP eigenvalues, which correspond to the roots of the equation (4).  To 

determine their precise locations, a gradient-based iterative search algorithm is used. 

Active microcavity featuring silver film and distributed Bragg reflector 

As mentioned previously, we studied the silver-walled microcavity laser structure in [25], it 

consisted of a top silver film, a gain material slab, and a bottom silver substrate. To enhance micro-

cavity efficiency and performance, we compare the reflection coefficients of silver half-spaces and 

a DBR of various number of alternating layer pairs used as a substrate reflector.   

0 ,
4

H H L Ld d


                                                         (8) 

 
\ 

Fig. 2. The absolute values of reflection coefficient of several cavity substrates:  

silver halfspace and DBR with N = 2, 5, and 20 layer pairs 
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Their reflection coefficients comparison in the visible and near infra-red ranges is shown in 

Fig. 2. The DBR is designed for the wavelength of around 1064 nm. The results are presented  

for 2, 5, and 20 pairs of dielectric layers (e.g. SiO and TiO2) with αL = 2.07 and αH = 2.52, each 

layer thickness is a quarter of that wavelength, as suggest (8), in the corresponding material, so that 

wL = 128.5 nm and wH = 105.5 nm. 

A 2-pair and 5-pair DBR are clearly improper for good reflection, as they yield a reflection co-

efficient of only under 0.8. As one can see, the widest 20-pairs DBR band gap is located between 

1000 and 1150 nm, which corresponds to a high-reflection band. The other much narrower band 

gaps can be seen between 340 and 360 nm and around 220 nm. The reflection coefficient of silver 

halfspace at 1064 nm give |R|Ag = 0.998. In contrast 20-pair DBR has reflection around |R|DBR = 

0.9999 at this wavelength, making it more effective for providing optical feedback. 

For the selected configuration, we compute the locations of the LEP eigenvalues and display 

them on colour maps of the function | ( , ) |  , for the 1.81c  , wc = 230 nm cavity with 10-nm 

and 100-nm thick silver films for DBR substrate of 2 and 20 pairs of alternating TiO2 and SiO lay-

ers (Fig. 3).   

 

  
a 

 

b 

  
c d 

 
Fig. 3. Colour maps of the absolute value of (4) on the plane of threshold gain index and wavelength for the 2 (a), (b) 

and 20 (c), (d) pairs DBR substrate active microcavity of refractive index αc = 1.81 with 10-nm (a), (c) and 230-nm (b), 

(d) bulk silver films. 

 

As well visible in Fig. 3, a, b, there are prominent blue spots, represent the lasing eigenvalue 

modes. Among them, some exhibit significantly lower threshold gain index values than the others. 

Here, the influence of the DBR is less pronounced; however, as the thickness of the silver metal 
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film increases, the threshold value of the mode decreases noticeably. This effect is well visible for 

M1, marked with cross, for DBR with 20 pair of alternating layers in Fig. 3, c, d. In contrast to our 

previous model of the same cavity embedded in a silver or even gold environment in [25], the addi-

tion of large quantity of DBR layers as substrate in the current configuration shows new modes 

within the visible and near-infrared ranges. These modes appear in a form of many blue dips on the 

colour maps. Moreover, increasing the number of layer pairs, N, results in a greater number of 

emerging modes. That means they can be identified as “parasitic” modes of every DBR sub-cavity.  

Fig. 3, c illustrates that mode M1, with a wavelength around 1050 nm, lies within the primary 

band gap, and it has a lower γ, than for less pair quantity DBR configuration. This effect arises  

because, within its band gaps, the DBR effectively suppresses field leakage into the free halfspace. 

As a result, the emission threshold is reduced for cavity modes whose frequencies fall within the 

band gaps. In contrast, all other “parasitic” modes exhibit higher thresholds compared to the 

“matched” mode mentioned earlier – in the case of mode M1, which has the lowest threshold. This 

behaviour can be attributed to the weak overlap between the electric fields of the DBR modes and 

the active region [18]. The impact of thicker silver film superstrate is similar to 2-pair DBR and 

shown in Fig. 2, d. 

Further, we present the first mode M1 trajectories for the considered microcavity with 20-pair 

DBR substrate and silver superstrate film under the variation of two thicknesses wf  and wc in  

Fig. 4, a, b, respectively. The DBR’s photonic band gap centred around 1064 nm, for example for 

Nd:YAG active crystal, indicated by the dashed line in the figures. As shown, careful adjustment of 

either the silver film (Fig. 4, a) or the active layer (Fig. 4, b) thickness allows more precise tuning 

of the target emission wavelength, which is of particular importance in lasers. 

Note that the threshold gain index value for variation of silver film thickness linearly decreases, 

while, for variation of active layer thickness stops dropping dramatically from some value of wc.  

 

 
a 

 

 
b 

Fig. 4. Trajectories of the modes M1 of the active microcavity covered with silver film and lying on 20-pairs  

DBR under the variation of the silver film thickness wf  from 4 to 1000 nm (a) and active layer thickness wc  

from 125 to 250 nm (b) 

Conclusion 

The 1-D mathematical model of layered microlaser threshold condition analysis has been pre-

sented. The study has examined how variations in the active layer and silver film thickness, along 

with the structure of the DBR, specifically the number of alternating dielectric layers, affect the 

emission wavelength and threshold gain index of the operating modes. For parametric analysis of 

the lasing eigenvalues the Lasing Eigenvalue Problem approach and Transfer Matrix Method have 

been used. The numerical results have demonstrated that both the emission frequency and the 

threshold gain index can be effectively tuned by adjusting the thickness of the silver superstrate film 

and the number of DBR layer pairs. Moreover, the influence of the DBR extends beyond the forma-

tion of photonic band gaps; it also leads to the emergence of numerous “parasitic” modes, which 

appear to originate from the DBR layers acting as unintended resonant cavities. The number of 
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these modes scales with the number of alternating high- and low-refractive-index layers in the 

DBR. Compared to the primary operating mode, these modes have exhibited considerably higher 

threshold gain values due to their radiation losses are suppressed by the DBR structure. Conse-

quently, the properties of the band gap could be used to isolate the working mode by selecting the 

parameters of the DBR, thereby eliminating the influence of parasitic modes. 
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